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implemented which takes into account the interaction between the pore ﬂuids and the solid phase of
the porous material through viscous dissipation. In such unsaturated cases, the dispersion equations of
Rayleigh and Love waves are derived respectively. Two situations for the Love waves are discussed in
detail: (a) an elastic layer lying over an unsaturated porous half-space and (b) an unsaturated porous
layer lying over an elastic half-space. The wave analysis indicates that, to the three compressional waves
discovered in the unsaturated porous medium, there also correspond three Rayleigh wave modes (R1, R2,
and R3 waves) propagating along its free surface. The numerical results demonstrate a signiﬁcant depen-
dence of wave velocities and attenuation coefﬁcients of the Rayleigh and Love waves on the saturation
degree, excitation frequency and intrinsic permeability. The cut-off frequency of the high order mode
of Love waves is also found to be dependent on the saturation degree.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
From the viewpoint of acoustics, seismology, and geophysics,
the research on the propagation characteristics of the surface
waves in ﬂuid-saturated porous media is of considerable interest.
Many systematic theoretical studies of the surface waves in
ﬂuid-saturated porous media have been performed in the context
of the fundamental theory initially introduced by Biot (1956).
Deresiewicz (1961, 1962) ﬁrstly utilized the Biot theory to derive
the dispersion equations for surface wave modes in the porous
material. The high-frequency properties of the surface waves at a
ﬂuid half-space and a fully saturated half space were studied in de-
tail by Feng and Johnson (1983a,b). Like the theory of mixtures in
Bowen (1982) and Hassanizadeh and Gray (1990), Liu and de Boer
(1997) investigated the dispersion and attenuation of the surface
waves in the saturated porous media consisting of microscopically
incompressible solid skeleton and pore liquid. Wang and Zhang
(1998) developed an effective iterative method to solve the com-
plex dispersion equation of Love waves in a transversely isotropic
saturated porous layered half-space. Albers (2006) analyzed the
surface waves in poroelastic media by means of the simple mixture
model and compared their results to those of the authors using the
Biot model or conducting experiments.ll rights reserved.The papers mentioned above only considered the case of fully
saturated media. Most of the earth’s land surface, however, com-
prises notoriously geomaterials called ‘unsaturated soils’ which
can be grouped into a certain family of unsaturated porous media.
But so far, few studies can be found to systematically investigate
the inﬂuence of saturation degree on the surface wave propaga-
tion. Degrande et al. (1998) incorporated Smeulders’ modiﬁcation
of Biot’s poroelastic theory (Smeulders, 1992) to study wave prop-
agation in multilayered dry, saturated and unsaturated isotropic
poroelastic media. Yang (2005) adopted the concept of homoge-
neous pore ﬂuids to account for the effect of partial saturation.
Similarly, the dependence of the velocities and attenuation of the
surface waves on the saturation and frequency was implemented
by Chao et al. (2006) by means of a modiﬁed Biot theory which
introduces the frequency-dependent bulk modulus of the mixture.
Over the last decades, the Biot theory was extended in order to
consider the inﬂuence of the gas phase on the velocities and atten-
uation of the elastic waves in unsaturated porous media (Garg and
Nayfeh, 1986; Berryman et al., 1988; Muraleetharan and Wei,
1999; Wei and Muraleetharan, 2002; Lo et al., 2005; Lo, 2008; Lu
and Hanyga, 2005; Albers, 2009). The recent studies (Muraleetha-
ran and Wei, 2002; Lo et al., 2005; Lo, 2008; Lu and Hanyga, 2005;
Albers, 2009) have shown that in such a medium, there exist four
body waves: three compressional waves (i.e. P1, P2, and P3 waves)
and one shear wave (i.e. S wave), in which P1 and P2 waves are
similar to the fast and slow compressional waves in the Biot
theory, and P3 wave arises due to the presence of gas phase. The
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waves, there also existed three modes of Rayleigh wave (i.e. R1,
R2, and R3 waves in descending order of phase speed) along the
free surface of unsaturated porous half-space.
In this paper, we use the mixture theory to describe surface
wave motions in an unsaturated porous medium consisting of a
deformable skeleton and two compressible ﬂuids. Two main types
of surface waves are analytically investigated: Rayleigh and Love
waves. The former propagate near the free surface of an unsatu-
rated semi-inﬁnite porous medium, and the latter within the elas-
tic layer lying over an unsaturated porous half-space or within the
unsaturated porous layer lying over an elastic half-space. A linear
viscoporoelastic model is built in the context of mixture theory
(Bowen, 1982; Liu and de Boer, 1997; Coussy, 1998, 2004; Gray,
1999; Wei and Muraleetharan, 1999; Wei and Muraleetharan,
2002; Eringen, 2003; Lo et al., 2005; Lu and Hanyga, 2005) which
has demonstrated its applicability to describe various responses
of a family of multiphase porous materials. Each phase is assumed
to be a continuum simultaneously occupying the same region of
space at the macroscopic level. Besides, the microstructure of
porous media is characterized by two independent state
variables: partial mass density and volume fraction of individual
phase. Our discussion is limited to the linear response of porous
media subjected to small perturbations and in the scope of
isothermal condition. The general analytical method utilized by
Wang and Zhang (1998) is followed here to solve the complicated
characteristic equations of Love waves. Our study is in the region
of small frequencies (63000 Hz) which are of particular interest in
earthquake engineer and civil engineering.
The present paper consists of four major parts. The ﬁrst part
gives a general framework. Balance equations, entropy inequality,
and linear constitutive relationships are ﬁrstly presented and
then the wave equations for the unsaturated porous medium
are obtained after the process of computation. In the second
and third parts, the proposed model in the previous part is ap-
plied to derive the dispersion equations for Rayleigh waves and
Love waves, respectively. The dependence of the velocities and
attenuation of the surface waves on the initial saturation degree,
excitation frequency, and permeability is presented and dis-
cussed. The study is summarized and the conclusions are given
in the last part.2. Basic theoretical framework
In this paper the unsaturated porous medium is considered as
a mixture consisting of a deformable solid frame, a liquid phase
and a gas phase, designated by the superscripts ‘‘S’’, ‘‘L’’, and
‘‘G’’, respectively. Throughout this paper, the character a is used
to denote an individual phase, a = S, L, G, while the character F re-
fers to a ﬂuid phase, F = L, G. At the microscale each constituent
occupies a speciﬁc domain, while at the macroscale, the particles
of each phase are superposed at a same given geometrical point.
Each individual phase, as in the generalized mixture theory, can
be viewed as a continuum following its own motion. At the iso-
thermal condition, the proposed linear three-phase mixture is
determined by the parameters of thermodynamic state: ua, eS,
na, qaR, where ua is the displacement vector of individual compo-
nent, eSis the linear strain tensor of the solid skeleton, na denotes
the fraction of the volume occupied by a phase, and qaR is the real
mass density of a phase. According to an averaging procedure, the
partial mass density qa = naqaR; and the partial Cauchy stress ten-
sor ra = nata, where ta is the intrinsic Cauchy stress tensor of a
phase. In the interest of brevity, we assume that there are no
mass exchanges among the constituent phases. The balance equa-
tions for a triphase solid–water–air mixture are expressed as fol-lows (Muraleetharan and Wei, 1999; Wei and Muraleetharan,
2002; Borja, 2006):
DaðqaÞ þ qar  va ¼ 0 ðmass balance equationÞ; ð1Þ
r  ra þ qaðba  DavaÞ þ ha ¼ 0 ðmomentum balance equationÞ;
ð2Þ
where Da stands for the material time derivative following a phase,
va denotes the velocity, ra is the partial Cauchy stress tensor of a
phase, ba is the external acceleration for a phase, ha represents
the interactive force and takes the following forms:
hS ¼ ðhL þ hGÞ; hF ¼ nFðvF  vSÞ; F ¼ L;G; ð3Þ
where nF is the non-negative drag force parameter, which has to be
speciﬁed according to the materials properties. These two physical
parameters are connected to the some other parameters in the fol-
lowing way (Garg and Nayfeh, 1986; Berryman et al., 1988; Lu and
Hanyga, 2005):
nL ¼ nL0
 2 gL
kkLr
; nG ¼ nG0
 2 gG
kkGr
; ð4Þ
where k is the intrinsic permeability of the porous medium, g F is
the ﬂuid viscosity, kFr is the relative permeability which is tradition-
ally simpliﬁed to be a function of saturation kFr ðSrÞ (Dullien, 1992).
When the liquid and gas phase are liquid water and wet air respec-
tively, the expressions commonly used for the relative permeabili-
ties (Luckner et al., 1989; Coussy, 2004) are
kLr ðSrÞ ¼
ﬃﬃﬃﬃ
Sr
p
1 1 S1mr
 mh i2
; kGr ðSrÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 Sr
p
1 S1mr
 2m
; ð5Þ
where Sr denotes saturation degree and m is a material parameter.
The porous media considered here is initially at an equilibrium
state and then subjected to a small perturbation. The problems of
concern here are limited to the linear range and hence the material
derivative can be reduced to the time derivative at a ﬁxed spatial
location (Lu and Hanyga, 2005). For this reason, after integrating
the time derivative form of mass conservation Eq. (1) with respect
to time yield, one can obtain the following linear relation for each
phase, i.e.,
ea ¼ eaR þ /a; ð6Þ
where ea accounts for the small volume change of the correspond-
ing component at the macroscopic level, i.e.,ea ¼ r  ua ¼
Dqa=qa0; eaR is the parameter denoting the real volume change
from the microscopic view, i.e.,eaR ¼ DqaR=qaR0 ;/a is the change of
volume fraction, i.e.,/a ¼ Dna=na0. Here D ( ) represents the
incremental value of a quantity and all the initial quantities
associated with the reference equilibrium state are speciﬁed by
the subscript 0.
We assume a Helmholtz free energy density Wa of a phase per
unit current volume of the mixture. For the sake of simplicity we
neglect the effects of temperature change in the following discus-
sion. The Clausius–Duhem inequality related to the multiphase
porous medium yields the local dissipation function:

X
a
qaDaWa þ
X
a
ra : da 
X
F
hF  ðvF  vSÞP 0; ð7Þ
where da is the rate of linear strain tensor e S, i.e., da = 1/
2[rva + (rva)T]. The free energy densities are given by the follow-
ing functions (Wei and Muraleetharan, 2006):
WS ¼ WSðqSR; eSÞ; WF ¼ WFðqFR;nFÞ: ð8Þ
By exploiting the entropy inequality (7), the incremental forms of
the partial stress tensors of individual phase Dta are obtained:
DtS ¼ DtS  DpSI; DtF ¼ DpF I; ð9Þ
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Dpa ¼ qaR0
 2 @DWa
@qaR
; Dt
S ¼ qaR0
@DWS
@eS
; ð10Þ
where tS is known as classical effective stress in the theoretical soil
mechanics, pa denotes the apparent pressure characterizing the
compressibility of phase a, I is the isotropic second-order tensor.
In this paper, it is assumed for simplicity that the coupling between
the intrinsic compression of the solid phase and the deformation of
the skeleton is neglected on the constitutive level. Thus the free en-
ergy functions possess the following additive structures (Wei and
Muraleetharan, 2006; Larsson et al., 2004):
WSðeS;qSRÞ ¼ WSeðeSÞ þWSqðqSRÞ; WFðnF ;qFRÞ ¼ WFnðnFÞ þWFqðqFRÞ:
ð11Þ
Eq. (11) states thatWS can be decomposed into two uncoupled parts,
WSe and W
S
q, with the former stemming from macroscopic elastic
deformation of the solid skeleton and the latter denoting the energy
due to the intrinsic compressibility of the solid phase.WFn andW
F
q are
the free energies from the change of ﬂuid volume fraction and the
compressibility of ﬂuid, respectively. The quantity naqaRW a repre-
sents the free energy of each component per unit volume of the
mixture. Hutter et al. (1999) gave the mathematical description
for the speciﬁc free energy of the solid at linear elastic state. In or-
der to derive linear constitutive relationships for the porous med-
ium, we ignore the free energy due to the deviatoric tensor of
strain and assume the incremental forms of the speciﬁc free ener-
gies to be the following quadratic polynomials:
DWSeðeSÞ ¼
1
2qSR0
eS : C : eS; DWSqðqSRÞ ¼
1
2qSR0
KSeSR
2
; ð12aÞ
DWFnðnFÞ ¼
1
2qFR0
hF/
F2 ; DWFqðqFRÞ ¼
1
2qFR0
KFeFR
2
; ð12bÞ
where C is the isotropic elastic tangent modulus of the solid
skeleton and it is a fourth-order tensor with component Cijkl
= kSdijdkl + lS(dikdjl + dildjk), where kS and lS are the classical Lamé’s
constants of the empty porous solid and dij is the Kronecker delta.
KS, KL, and KG represent the real compressibility moduli of the three
components, hFis the material parameter representing the energy
due to the variation of the ﬂuid volume. With the help of Eqs. (9),
(10), (12a) and (12b), the stress for the solid and the pore pressures
for the two ﬂuids have the following forms:
DtS ¼ ½kSðeS : IÞ þ KSeSRIþ 2lSeS; DtF ¼ KFeFRI: ð13Þ
Furthermore, Gray and Schreﬂer (2007) extended the Biot theory to
two-phase ﬂow in a deformable porous medium as:
tS ¼ tS þ ½SrpL þ ð1 SrÞpGI: ð14Þ
In order to yield the thermodynamical restrictions arising from the
inequality (7), the dynamic form of capillary pressure pc is deduced
as:
pc ¼ pL  pG ¼ nsDSSr þ nLqLR
@WL
@nL
 nGqGR @W
G
@nG
; ð15Þ
where ns is the relaxation coefﬁcient. The material derivative of the
saturation DSSr in Eq. (15) will vanish at an equilibrium state. The
deviation of the perturbed state from the initial state is small in this
paper. Consequently, the signiﬁcant capillary hysteresis is neglected
and then Eqs. (14) and (15) can serve as closure equations for our
model. For a given water saturation, van Genuchten (1980) pro-
posed the commonly used capillary pressure–saturation relation
as follows:
pc ¼ a1vg S
m1vg
r  1
 n1vg
; ð16Þwhere avg, nvg, and mvg are the van Genuchten model parameters
depending on the properties of the three-phase model. Since our
discussion is in the scope of linear deformation, we obtain the fol-
lowing incremental form by differentiation of Eq. (16):
Dpc ¼ ðavgnvgmvgÞ1 S
m1vg
r0  1
h i n1vg 1ð Þ
S
m1vg 1ð Þ
r0 DSr : ð17Þ
In the subsequent analysis, we assume that mvg equals to the
parameter m in Eq. (5), and that mvg = 1  1/nvg (van Genuchten,
1980). By combining Eqs. (9), (10), (12a), (12b), (14), (15) with Eq.
(17), one can obtain the relationships between hF and some other
parameters such as initial saturation degree Sr0. Other parameters
such askS, lS, and Ka are the material parameters accounting for
the elastic deformation which can be measured through mechanical
tests in the laboratory. The initial porosity na0 and the initial satura-
tion Sr0 are supposed to be known.
The external acceleration for each phase in Eq. (2) is assumed to
be absent and the convective terms in the material derivatives are
neglected. Another assumption is commonly made in the descrip-
tion of two-phase ﬂuid ﬂow in porous media (Dullien, 1992). It al-
lows us to neglect resistance due to velocity difference between
the gas and liquid phases. Accordingly, substituting Eq. (3) into
the linear momentum balance Eq. (2) and then incorporating Eqs.
(6), (12a) (12b), (13) and (15) into the resulting equations, one ob-
tains the following wave equations after some manipulations:
qS0
@2uS
@t2
 nL
@uL
@t
 @u
S
@t
 
 nG
@uG
@t
 @u
S
@t
 
¼ rSS þ nS0kS þ nS0lS
 rðr  uSÞ þ nS0lSr2uS þ rSLrðr  uLÞ
þ rSGrðr  uGÞ; ð18aÞ
qL0
@2uL
@t2
þ nL
@uL
@t
 @u
S
@t
 
¼ rSLrðr  uSÞ þ rLLrðr  uLÞ þ rLGrðr  uGÞ;
ð18bÞ
qG0
@2uG
@t2
þ nG
@uG
@t
 @u
S
@t
 
¼ rSGrðr  uSÞ þ rLGrðr  uLÞ þ rGGrðr  uGÞ;
ð18cÞ
where r2 is the two-dimensional Laplace operator in the Cartesian
coordinate. The coefﬁcients rSS, rLL, rGG, rSL, rSG, and rLG can be ex-
pressed alternatively as follows:
rSS ¼
nS0
 2KSðhL þ KLÞðKG þ hGÞ
M
;
rLL ¼
nS0n
L
0KLhLðKG þ hGÞ þ nL0
 2KSKLðKG þ hGÞ þ nL0nG0KSKLhL
M
;
rGG ¼
nS0n
G
0KGhGðKL þ hLÞ þ nL0nG0KSKGhG þ nG0
 2KSKGðhL þ KLÞ
M
;
rSL ¼ n
S
0n
L
0KSKLðKG þ hGÞ
M
;
rSG ¼ n
S
0n
G
0KSKGðhL þ KLÞ
M
;
rLG ¼ n
L
0n
G
0KSKLKG
M
;
where
M ¼ nS0ðhL þ KLÞðKG þ hGÞ þ nL0KSðKG þ hGÞ þ nG0KSðhL þ KLÞ:
In the limiting case for complete saturation (i.e. nG0 ¼ 0Þ, Eqs. (18a),
(18b), (18c) reduce to
qS0
@2uS
@t2
¼ ðAþ NÞrðr  uSÞ þ Nr2uS þ Qrðr  uLÞ þ nL @u
L
@t
 @u
S
@t
 
;
ð19aÞ
qL0
@2uL
@t2
¼ Qrðr  uSÞ þ Rrðr  uLÞ  nL @u
L
@t
 @u
S
@t
 
: ð19bÞ
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which neglects the added mass effect reﬂected in Biot’s theory by
the matrix of partial mass densities (i.e. parameter q12 in Biot mod-
el). The material parameters A, N, Q, and R are
A ¼ nS0kS þ
nS0
 2KSðhL þ KLÞ
nS0ðhL þ KLÞ þ nL0KS
;
N ¼ nS0lS;
Q ¼ n
S
0n
L
0KSKL
nS0ðhL þ KLÞ þ nL0KS
;
R ¼ n
S
0n
L
0KLhL þ nL0
 2KSKL
nS0ðhL þ KLÞ þ nL0KS
:3. Rayleigh waves
3.1. Field equations
For the Rayleigh wave problem considered in this paper, a
Cartesian coordinate system is adopted and Rayleigh waves spread
along the x–y coordinate plane coinciding with the boundary of an
unsaturated porous half-space as displayed in Fig. 1. The positive
direction of z axis is designed to point into the porous medium.
We assume vectoruato be independent of y and then introduce
the scalar potentials (wS,wL and wS) and vector potentials (HS,HL
and HG) through Helmholtz representations of vector as follows:
ua ¼ rwa þrHa; a ¼ S; L;G; ð20Þ
with
wa ¼ Aa exp½c1zþ iðjRxxtÞ; ð21aÞ
Ha ¼ Ba exp½c2zþ iðjRxxtÞ; ð21bÞ
where jR is the complex wave number regulating the velocity and
attenuation for the Rayleigh waves, x is the angular frequency,
i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
, and
c1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j2R  j2p
q
; c2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j2R  j2s
q
; ð22Þ
where jp and js are the complex wave numbers of the correspond-
ing compressional and shear waves, respectively.
After substituting Eq. (20) into the Eqs. (18a), (18b), (18c) and
applying divergence and curl operators to both sides of the result-
ing equations respectively, we get the following equations:
p11 p12 p13
p21 p22 p23
p31 p32 p33
0
B@
1
CA
AS
AL
AG
0
B@
1
CA ¼ 0;
q11 q12 q13
q21 q22 q23
q31 q32 q33
0
B@
1
CA
BS
BL
BG
0
B@
1
CA ¼ 0;
ð23ÞFig. 1. Geometry of the Rayleigh wave problem.where
p11 ¼ ixðnL þ nGÞ þx2qS0  j2p rSS þ nS0kS þ 2nS0lS
 
;
p22 ¼ ixnL þx2qL0  j2prLL;
p33 ¼ ixnG þx2qG0  j2prGG; p12 ¼ p21 ¼ ixnL  j2prSL;
p13 ¼ p31 ¼ ixnG  j2prSG; p23 ¼ p32 ¼ j2prLG;
q11 ¼ ixðnL þ nGÞ þx2qS0  nS0lSj2s ; q22 ¼ ixnL þx2qL0;
q33 ¼ ixnG þx2qG0 ;
q12 ¼ q21 ¼ ixnL; q13 ¼ q31 ¼ ixnG; q23 ¼ q32 ¼ 0:
The requirement of nonzero solution for the sets of Eq. (23) leads to
vanishing of the determinants of their coefﬁcient matrices. The dis-
persion equations for bulk waves, being polynomials in terms of
complex wave numbers, can be obtained for a given frequency x.
Six roots can be obtained for the wave numbers of the compres-
sional waves, i.e., jp = Re(jp) + iIm(jp) (where Re and Im signify
the real and imaginary parts). Since the amplitudes of the waves
attenuate along the propagation direction, Im (jp) must be greater
than zero. This implies the existence of three compressional waves,
typically denoted as P1, P2, and P3 waves in descending order of
wave speed (Wei and Muraleetharan, 2002; Lo et al., 2005; Lu
and Hanyga, 2005), respectively. As described in Eqs. (21a) and
(21b), Rayleigh wave is identiﬁed as the superposition of compres-
sional and shear waves at the free surface of a half-space (Liu and de
Boer, 1997; Yang, 2005). Thus Eqs. (21a) and (21b) can be further
rewritten as follows:
wa ¼ Aa exp½Reðc1Þz ImðjRÞx expfi½ReðjRÞx Imðc1Þzxtg;
ð24aÞ
Ha ¼ Ba exp½Reðc2Þz ImðjRÞx expfi½ReðjRÞx Imðc2Þzxtg:
ð24bÞ
As can be seen from Eqs. (24a) and (24b), Rayleigh waves described
here decay along the propagation directions x-axis and z-axis simul-
taneously. These Rayleigh waves lose their conceptual generality
because of the viscous dissipation of the pore ﬂuids. Thus it is re-
quired to satisfy:
ImðjRÞ > 0; Reðc1Þ > 0; Reðc2Þ > 0: ð25Þ3.2. Boundary conditions and frequency equation
The free surface is supposed to be pervious, i.e.
tSzz ¼ 0; tSxz ¼ 0; pG ¼ 0; pL ¼ 0 at z ¼ 0: ð26Þ
Using Eqs. (13), (20), (21a), (21b), we obtain the following linear
relations in terms of the amplitudes of the potentials:
l11 l12 l13 l14
l21 l22 l23 l24
l31 l32 l33 l34
l41 l42 l43 l44
0
BBB@
1
CCCA
AS
AL
AG
BS
0
BBB@
1
CCCA ¼ 0; ð27Þ
where
l11 ¼ j2p nS0kS þ rSS
 þ 2nS0lS j2R  j2p ; l12 ¼ j2prSL;
l13 ¼ j2prSG; l14 ¼ 2inS0lSjR
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j2R  j2s
q
;
l21 ¼ 2ijR
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j2R  j2p
q
; l22 ¼ l23 ¼ 0; l24 ¼ 2j2R  j2s ;
l31 ¼ rSL; l32 ¼ rLL; l33 ¼ rLG; l34 ¼ 0;
l41 ¼ rSG; l42 ¼ rLG; l43 ¼ rGG; l44 ¼ 0:
The condition for the nontriviality of solutions for Eq. (27) is that
the determinant of matrix [L] must be equal to zero. Then, in the
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obtained:
Z1X
3 þ Z2X2 þ Z3X þ Z4 ¼ 0; ð28Þ
where X ¼ j2R=x2 and the coefﬁcients Z1, Z2, Z3, and Z4 are given by
Z1 ¼ 16R2j2px4ðR1 þ R2Þ;
Z2 ¼ j2px2 4R21j2p þ 4R22j2p  16R22j2s  16R1R2j2s
 
;
Z3 ¼ 4R1j2pj2s R2j2s  R1j2p
 
;
Z4 ¼ j4pj4s R21=x2;
where
R1 ¼ r2SGrLL þ r2SLrGG  2rSGrSLrLG þ nS0kS þ rSS þ 2nS0lS
 
r2LG  rLLrGG
 
;
R2 ¼ nS0lS rLLrGG  r2LG
 
:
In general, for a given frequency x, the frequency-dependent phase
velocity, cR =x/Re(jR) and the attenuation coefﬁcient, dR = Im(jR).
Corresponding to each compressional wave mode, three solutions
can be obtained through solving the dispersion Eq. (28). As numer-
ically discussed by Lo (2008), only one of these three solutions is
physically reasonable to guarantee the conditions in Eq. (25). In
the same way, we denote the three Rayleigh waves R1, R2, and R3
waves (cR1 > cR2 > cR3).
3.3. Numerical results and discussion
In this section, the model established in the previous sections is
used to compute the phase velocity and attenuation of Rayleigh
waves in an unsaturated porous half-space. To investigate the dis-
persion relations for the three Rayleigh mode waves numerically,
the values of physical parameters in our model are given in Table 1.
The dependence of the wave speeds and attenuation on the ini-
tial saturation and excitation frequency is demonstrated in
Fig. 2(a)–(c). The four different curves signify the values corre-
sponding to different excited frequencies. The frequency xis taken
to be 10,100, 500, and 3000 Hz, respectively, and other material
properties remain constants as given in Table 1. The calculation re-
sults in Fig. 2(a) show that, like the classical Rayleigh wave in an
elastic solid half-space, the phase speed of R1 wave is frequency-
independent in the frequency coverage considered here. The speed
of R1 wave cR1 decreases almost linearly about 80 m/s during the
change of saturation from 0.01 to 0.97. However, for a saturation
degree that is close to the state of water saturation, it decreases
abruptly and reaches almost 976 m/s in the vicinity of Sr0 = 1. It
is also noted that the presumptions of the proposed model are
no longer valid when Sr0 is equal to 0 or 1. In general, it is accept-
able because a residual amount of liquid (water or gas) is alwaysTable 1
Physical properties of the unsaturated porous medium.
Parameter (unit) Notation Value
Initial porosity n0 0.3
Bulk modulus of solid grain (GPa) KS 35
Bulk modulus of water (GPa) KL 2.2
Bulk modulus of gas (MPa) KG 0.1
Density of solid grain (kg/m3) qSR 2700
Density of water (kg/m3) qLR 1000
Density of gas (kg/m3) qGR 1.2
Intrinsic permeability (m2) k 3.0  1013
Viscosity of water (Pa  s) gL 1.8  105
Viscosity of gas (Pa  s) gG 0.001
Lame constants (GPa) kS 9.0
Lame constants (GPa) lS 4.0
van Genuchten parameter mvg 0.5
van Genuchten parameter, (Pa1) avg 0.0001
Fig. 2. Variations of the phase velocities of the R1, R2, and R3 waves with varying
degree of saturation Sr0: (a) phase velocity for R1 wave; (b) phase velocity for R2
wave; (c) phase velocity for R3 wave. Different frequencies x are considered.trapped in the channels. For other waves, R2 and R3 waves, the
inﬂuence of saturation degree changing is more pronounced be-
cause of the appearance of gas phase. Fig. 2(b) illustrates the phase
velocity of R2 wave cR2 is frequency-dependent and increases rap-
idly when the complete saturation is reached. It is shown from
Fig. 2(c) that the speed of the slowest R3 wave cR3 reaches the peak
value when Sr0 is nearly 0.95 and it will vanish for both gas and
water saturation. This implies that R3 wave is related to the
existence of the gas. Comparison of the surface waves of the full
Fig. 3. Variations of attenuation coefﬁcients of R1, R2, and R3 waves with varying
degree of saturation Sr0: (a) attenuation coefﬁcient for R1 wave; (b) attenuation
coefﬁcient for R2 wave; (c) attenuation coefﬁcient for R3 wave. Different frequen-
cies x are considered.
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with those of Fig. 2(a)–(c) of the three-component model shows
that R1 waves and R2 waves in our theory (Sr0 = 1) coincide with
‘‘leaky Rayleigh waves’’ and ‘‘true stoneley waves’’ in Albers
(2006), respectively. For the saturated porous medium overlaid
by ﬂuid, the analysis of Feng and Johnson (1983a,b) for the high
frequency limit revealed the existence of an additional surfacemode, an analogue of the Stoneley wave, which is slower than
the P2 wave. In addition, there exists an additional leaky mode
wave in the outside ﬂuid. The existence of the true surface mode
is strongly dependent on the permeability of the interface and
the overlying ﬂuid. However, this paper focuses on a general vac-
uum/porous solid interface, which means the attenuation of sur-
face waves caused by the overlying ﬂuid (Feng and Johnson,
1983a,b; Albers, 2006; Chao et al., 2006) could be neglected.
The variations of the attenuation coefﬁcients of the three Ray-
leigh wave modes with varying saturation degree Sr0 are plotted in
Fig. 3(a)–(c). As expected, in all the cases, the waves of higher fre-
quency always attenuate more rapidly. As shown in Fig. 3(b), there
is a peak value when the saturation degree is in between 0.9 and
0.95. It is also noted that the attenuation of R3wave is several orders
of magnitude greater than the other two waves. Therefore, R3 wave
is elusive in measurement due to the high attenuation.
As multiphase ﬂuid ﬂow in the porous media, the effective per-
meability of a phase is related to the intrinsic permeability and rel-
ative permeability. Relative permeability is often represented as a
function of water saturation as Eq. (5). Contrarily, the intrinsic per-
meability does not depend on the ﬂuid properties and is speciﬁc to
the material through which the ﬂuid is ﬂowing. In Fig. 4(a)–(c),
phase velocities of the three Rayleigh wave modes have been pot-
ted against saturation degree, with different values of intrinsic per-
meability. Here, intrinsic permeability k is taken to be 1013, 1012,
1011, and 1010 m2, respectively. It is found that the velocity of R1
wave is almost independent of intrinsic permeability. However, as
the intrinsic permeability increases, the velocities of both R2 and
R3 waves increase.
Fig. 5(a)–(c) show the variations of attenuation coefﬁcients of R1,
R2, and R3 waves with varying saturation degree and different
intrinsic permeability. As is illustrated in Fig. 5(b) and (c), at the
same frequency and saturation degree, the higher the intrinsic per-
meability is, the lower the attenuation coefﬁcients of R2 and R3
waves are. In contrast, the R1wave with higher intrinsic permeabil-
ity attenuatesmore rapidly. In the limit situationwhich corresponds
to those wherein all these phases move together, i.e. k ? 0, R2 and
R3 waves disappear (i.e. dR2 and dR3 approach inﬁnity) and only R1
wave exists (i.e. dR1 approaches zero). On the other hand, for the case
with no viscous coupling (i.e. k ?1), R3 wave vanishes.
4. Love waves
4.1. Field equations
We now consider an unsaturated porous layer with the thick-
ness H overlaying an unsaturated porous half-space. The conﬁgura-
tion referenced is displayed in Fig. 6. Both the layer and the half-
space are assumed to be homogeneous and isotropic materials.
The x-y plane coincides with the horizontal interface between
the layer and the substrate. As shown in Fig. 6, the z-axis points
vertically downward into the half-space and the Love waves are
designated to propagate in the x-direction. For the antiplane shear
motion concerned here, the nonzero displacement components of
the three phases in the y directionvacan be, respectively, given as:
vS ¼ vSðx; z; tÞ; vL ¼ vLðx; z; tÞ; vG ¼ vGðx; z; tÞ: ð30Þ
Therefore, the motion Eqs. (18a), (18b) and (18c) are easily reduced
to
nS0lSr2vS þ nL
@vL
@t
 @v
S
@t
 
þ nG
@vG
@t
 @v
S
@t
 
¼ qS0
@2vS
@t2
; ð31aÞ
qL0
@2vL
@t2
þ nL
@vL
@t
 @v
S
@t
 
¼ 0; ð31bÞ
qG0
@2vG
@t2
þ nG
@vG
@t
 @v
S
@t
 
¼ 0: ð31cÞ
Fig. 4. Variations of phase velocities of R1, R2, and R3 waves with varying degree of
saturation Sr0: (a) phase velocity for R1 wave; (b) phase velocity for R2 wave; (c)
phase velocity for R3 wave. Frequency x = 1000 Hz and different intrinsic perme-
abilities k are considered.
Fig. 5. Variations of attenuation coefﬁcients of R1, R2, and R3 waves with varying
degree of saturation Sr0: (a) phase velocity for R1 wave; (b) phase velocity for R2
wave; (c) phase velocity for R3 wave. Frequency x = 1000 Hz and different intrinsic
permeabilities k are considered.
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quid, and gas phases are written as:
fvS;vL;vGg ¼ ff Sðx; zÞ; f Lðx; zÞ; f Gðx; zÞg expðixtÞ; ð32Þ
Substituting Eq. (32) into Eqs. (31a), (31b), (31c), we haveðr2 þ j2Þf Sðx; zÞ ¼ 0; ð33aÞ
f Lðx; zÞ ¼ inL
inL þxqL0
f Sðx; zÞ; f Gðx; zÞ ¼ inG
inG þxqG0
f Sðx; zÞ; ð33bÞ
Fig. 6. Geometry of the Love wave problem.
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j2 ¼ a1 þ ib1; ð34Þ
a1 ¼ x
2qS0
nS0lS
þ x
2n2LqL0
nS0lS x2 qL0
 2 þ n2Lh iþ
x2n2GqG0
nS0lS x2 qG0
 2 þ n2Gh i ; ð35aÞ
b1 ¼
x3nL qL0
 2
nS0lS x2 qL0
 2 þ n2Lh iþ
x3nG qG0
 2
nS0lS x2 qG0
 2 þ n2Gh i : ð35bÞ
From the previous discussion it follows that displacement va de-
pends on the complex number j, and that the waves in the por-
ous layer are dissipative. Furthermore, we can conclude from the
Eq. (33b) that the couplings between the pore ﬂuids and the so-
lid skeleton have an effect on the mechanism of wave
propagation.
Then the general solution of Eq. (33a) can be supposed to take
the following form:
f Sðx; zÞ ¼ gSðzÞ expðijLxÞ; ð36Þ
where jL is the wave number regulating the velocity and attenua-
tion for the Love waves. Actually jL is a complex number and can
be written as jL = jre + ij im, where jre and jim are real. The atten-
uation coefﬁcient of Love waves, dL = jim and the frequency-depen-
dent phase velocity, cL =x/jre .
Inserting expression (36) into Eq. (33a) and combining with Eq.
(32), we obtain the displacement of the solid skeleton in the unsat-
urated porous layer as follows:
vS ¼ ½A1 expðic3zÞ þ A2 expðic3zÞ exp½iðjLxxtÞ;
at H < z < 0; ð37Þwhere A1 and A2 are constants determined by the boundary condi-
tions, and
c23 ¼ j2  j2L : ð38ÞFrom now onward the superimposed bar ‘‘–’’ over a variable refers
the corresponding quantity of the half-space. Then the displace-
ment component in substrate can be expressed as:
v ¼ A expðic3zÞ exp½iðjLxxtÞ; at z > 0: ð39Þ4.2. Boundary conditions and dispersion equation
The general boundary conditions for the present problem are
vS ¼ v ; at z ¼ 0; ð40aÞ
ryz ¼ 0; at z ¼ H; ð40bÞ
ryz ¼ ryz; at z ¼ 0; ð40cÞ
v ¼ 0; at z!1: ð40dÞ
The condition (40d) requires imaginary part of the complex number
c3 must be positive. Without loss of generality, the real part ofc3is
assumed be positive. With the help of Eqs. (37) and (39), we further
obtain the dispersion equation for the Love waves:
tanðc3HÞ ¼
nS0 lSc3
inS0lSc3
: ð41Þ
Then the following abbreviated formulas are introduced for
simplicity:
cs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nS0lS
q
qS0 þ
n2LqL0
x2 qL0
 2 þ n2L þ
n2GqG0
x2 qG0
 2 þ n2G
" #12
; ð42aÞ
cs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nS0 lS
q
qS0 þ
n2L qL0
x2 qL0
 2 þ n2L þ
n2GqG0
x2 qG0
 2 þ n2G
" #12
; ð42bÞ
d ¼ xc
2
s
2nS0lS
nL qL0
 2
x2 qL0
 2 þ n2L þ
nG qG0
 2
x2 qG0
 2 þ n2G
" #
; ð43aÞ
d ¼ xc
2
s
2nS0 lS
nL qL0
 2
x2 qL0
 2 þ n2L þ
nG qG0
 2
x2 qG0
 2 þ n2G
" #
: ð43bÞ
Accordingly the complex numbers j3 and j3 are written as:
c3 ¼ jreq; c3 ¼ ijreq; ð44Þ
with
q ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcL=csÞ2 þ ðdLcL=xÞ2  1þ 2i½dðcL=csÞ2  dLcL=x
q
; ð45aÞ
q ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðdLcL=xÞ2  ðcL=csÞ2 þ 2i½dLcL=x dðcL=csÞ2
q
: ð45bÞ
In order to make certain of the propagation of the Love waves, the
imaginary part of c3 and the real part of c3 must be greater than
zero. Then the range of Love wave speed is obtained as follows:
cs
xﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ c2s d2L
q < cL < cs xﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ c2s d2L
q : ð46Þ
It may be noted that the dispersion equation of Love waves given by
Eq. (41) is a complex transcendental implicit equation between the
frequency x and the phase velocity cL. For a given frequencyx, it is
seen that multiple roots can be got from the tangent function (41)
and that each value belongs to a corresponding propagation mode.
In view of Eqs. (41) and (44), we set
q ¼ qr þ iqi;
nS0 lSq
nS0lSq
¼ a2 þ ib2; ð47Þ
with qr, qi, a2, and b2 being real. Hence Eq. (41) can be separated into
two real equations with the real and imaginary parts as follows:
tanðqrjreHÞ½1 b2 tanhðqijreHÞ ¼ a2; ð48aÞ
tanhðqijreHÞ½1þ a2 tanðqrjreHÞ ¼ b2: ð48bÞ
In the following section, the Eqs. (48a) and (48b) are used to solve
the dispersion relation of Love waves by an iterative procedure
developed by Wang and Zhang (1998). Based on Eqs. (42a) and
(42b), for the phase speeds of the shear wave in two limits of
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the two-component media:
csð1Þ ¼ lim
x!1
csðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃ
lS
qSR0
s
;
csð0Þ ¼ lim
x!0
csðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nS0lS
nS0qSR0 þ nL0qLR0 þ nG0qGR0
s
: ð49Þ4.3. Numerical results and discussion
In this section, the inﬂuence of saturation degree on the veloc-
ities and attenuation coefﬁcients of Love waves in the porous med-
ium is considered. It is noted that the propagation properties of
Love waves are closely related to those of the shear waves which
are almost independent of the permeability of the porous medium.
Hence the effect of permeability change on propagation properties
of Love waves is minimal and negligible here. Numerical calcula-
tions are performed for two cases: (a) an elastic layer superim-
poses upon an unsaturated porous half-space; (b) an unsaturatedFig. 7. Frequency-dependent phase velocities (a) and attenuation coefﬁcients (b) of th
between an elastic solid layer and an unsaturated poroelastic half-space. Different initia
Fig. 8. Frequency-dependent phase velocities (a) and attenuation coefﬁcients (b) of th
between an unsaturated poroelastic layer and an elastic solid half-space. Different initiaporous layer overlays a homogeneous elastic half-space. It is worth
noting that the boundary condition in the present problem is
appropriate for the contact between a porous medium and an
impermeable elastic solid. The values of the physical parameters
for unsaturated porous media are chosen from Table 1.
4.3.1. An elastic layer on an unsaturated porous half-space
First consider an elastic layer on an unsaturated porous half-
space. The material constants of the upper elastic layer are taken
to be
l1 ¼ 2:7 GPa; q1 ¼ 2700 kg=m3; H ¼ 5 m: ð50Þ
The dispersion curves for Love waves of the ﬁrst and second modes
are illustrated in Fig. 7(a). The various lines refer to ﬁve different
saturation degrees. It’s worth noting that dL 1 for SH waves
(Wang and Zhang, 1998). Consequently, according to inequality
(46), cs and cs may be approximately viewed as the lower and upper
bounds of the Love wave speed. In this case, the lower bound of the
Love wave speed cs1 = 1000 m/s, while the upper bound is between
cs1ð0Þ and cs1ð1Þ, in which limSr0!0cs1ð0Þ  cs1ð1Þ ¼ 1217 m=s ande ﬁrst and second modes of Love waves that propagate along the plane interface
l saturations Sr0 are considered.
e ﬁrst and second modes of Love waves that propagate along the plane interface
l saturations Sr0 are considered.
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ﬁrst and second modes of Love waves decrease rapidly at ﬁrst and
then slowly as frequency x increases. Furthermore, the Love waves
under the condition of lower saturation degree always propagate
more rapidly.
Fig. 7(b) represents the frequency-dependent attenuation coef-
ﬁcients of Love waves for ﬁve different saturation degrees. As ex-
pected, the cut-off frequencies of the ﬁrst mode are zero and
those of the second mode that correspond to different saturations
almost have the same valve around x = 1141 Hz. For the Love
waves of the ﬁrst mode, the attenuation reaches a peak value at
a low frequency and then decreases slowly as x increases. While
for the second mode, the position of the maximum attenuation va-
lue on the frequency axis appears near the cut-off frequency. For
the same x, the higher saturation degree is, the larger the attenu-
ation is.
4.3.2. An unsaturated porous layer on an elastic half-space
The thickness of the unsaturated porous layer H is assumed to
be 5 m. The shear modulus and mass density of the elastic half-
space are taken to be
l2 ¼ 6:0 GPa; q2 ¼ 2700 kg=m3: ð51Þ
Accordingly, the upper bound of the Love wave speed
cs2 ¼ 1491 m=s, while the value of the lower bound is between
cs2(0) and cs2(1), in which limSr0!0cs2ð0Þ  cs2ð1Þ ¼ 1217 m=s and
limSr0!1cs2ð0Þ ¼ 1231 m=s. The dispersion curves for the Love waves
of the ﬁrst and second modes are illustrated in Fig. 8(a). It follows
from the ﬁgure that the phase velocities of the Love waves at ﬁve
different saturation degrees always decrease with increasing fre-
quencyx. This change trend is somewhat similar to that in the case
(a). At the same frequency, the Love wave speed increases as the
water saturation decreases. It is interesting to note that, compared
to the case (a), the inﬂuence of gas phase on the cut-off frequency of
the second mode is more pronounced in this case. For the lowest li-
quid saturation case (Sr0 = 0.2) and highest liquid saturation case
(Sr0 = 0.99) considered here, the cut-off frequencies of the second
mode are observed to be around the values 1267 Hz and 1097 Hz,
respectively. Therefore, we can conclude that the cut-off frequency
of the second mode increases with decreasing saturation.
The dependence of attenuation coefﬁcients on the frequency x
and saturation degree Sr0 is depicted in Fig. 8(b). For both modes,
the attenuation increases rapidly at ﬁrst and then slowly as x in-
creases. It is also observed that as the saturation degree increases,
the attenuation of Love wave increases.5. Conclusions
In this paper, a theoretical analysis has been developed to study
the saturation effects on the properties of the surface waves in an
unsaturated porous medium. The constitutive relations and linear
ﬁeld equations are formulated by a three-phase model based on
the continuum theory of mixtures. We concentrate on the isother-
mal thermodynamics process in the scope of inﬁnitesimal defor-
mation. The proposed model can also be applied to analyze the
dynamic behavior of porous materials saturated by oil and water
(or oil and gas). The characteristic equation for the Rayleigh waves
propagating along a stress-free and permeable surface is derived
from this model. Due to the existence of the second pore ﬂuid
(the gas) in the porous medium, an additional surface-wave mode
(R3 wave) emerges. Numerical results of the wave velocities and of
the attenuation coefﬁcients of R1, R2, and R3 waves are given
based on the proposed theory. The fastest wave mode, R1 wave,
is least attenuated and independent of permeability and frequency
in the scope of this paper. The R3 wave vanishes for both gas andwater saturation. Moreover, the velocity of R3 wave is small and
its attenuation is several orders of magnitudes greater than those
of R1 and R2 waves. As a result, R3 wave is almost impossible to
be measured even in the laboratory testing. Apart from Rayleigh
waves, the dispersion equation for the Love waves in an unsatu-
rated porous layered half-space has also been obtained. Two differ-
ent cases of Love wave propagation, which may be of practical
interest, are discussed in detail. The numerical results of these
two main kinds of surface waves show interesting features when
the pore space of the medium is ﬁlled with a mixture of water
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